Motivated by a previous "sd 2 -graphene" study, the pairing symmetry in the superconducting state and the thermal Hall conductivity are investigated by a self-consistent Bogoliubov-de Gennes approach on the kagome lattice with intrinsic spin-orbit coupling near van Hove fillings. While the topologically trivial state with broken time-reversal symmetry appears in the absence of spin-orbit coupling, the highest flat band becomes dispersive with a hexagonal symmetry due to spin-orbit coupling, which leads to a topological superconducting state. Since the thermal Hall conductivity in the low-temperature limit is associated with the topological property of time-reversal symmetry breaking superconductors, we study its temperature dependence near van Hove fillings. In particular, the pairing symmetry in the highest flat band is sensitive to the amplitudes of spin-orbit coupling and the attractive interaction, which is reflected remarkably in the thermal Hall conductivity. The obtained result may enable us to investigate the stable superconducting state on the kagome lattice.
INTRODUCTION
Chiral superconductivity has attracted much interest as a hot topic in condensed matter physics. The pairing in the superconducting state breaks time-reversal symmetry (TRS) and has the nontrivial topology with interesting properties [1] [2] [3] .
Experimentally, the chiral p-wave is observed in the A-phase of the spin-triplet superfluid 3 He [4] , and the transition metal oxide Sr 2 RuO 4 is one of the prime candidates [5] [6] [7] . On the other hand, the spin-singlet d x 2 −y 2 + id xy state (d + id state) is also another chiral superconducting state. Although it has not been confirmed experimentally, there are some potential candidate materials such as heavily doped graphene and SrPtAs [8] .
Doped graphene corresponding to 3/8 or 5/8 filling has a density of state (DOS) with logarithmic divergence, which results from the van Hove singularities (VHSs) originating from three inequivalent saddle points where the Fermi surface has a hexagonal geometry with perfect nesting. The renormalization group studies for the Hubbard model [9] [10] [11] indicate that the d+id state is favored in heavily doped graphene. On the basis of the mean-field approximation, it is also confirmed that the attractive interaction between nearest-neighbor (NN) sites or next nearest-neighbor (NNN) sites leads to the d + id state in the vicinity of the van Hove (VH) fillings [12] .
Graphene is composed of sp 2 hybridization in carbon, and its low-energy electronic structure is well described by a tight-binding model with the hopping between NN sites on a hexagonal lattice [13] . However, some honeycomb lattice structures consisting of transition metal atoms are composed of "sd 2 -hybridization" and called "sd 2 -graphene" [14] , where the electron transfers between * s.iimura.787@ms.saitama-u.ac.jp bond-centered σ states on a hexagonal lattice. Therefore, the low-energy property is effectively described by single-orbital hopping between NN sites on the kagome lattice, shown in Fig. 1(a) . One of the candidates is a hexagonal W lattice epitaxially grown on a semiconductor surface [14] . Transition metal atoms may lead to a large amplitude of the spin-orbit coupling (SOC) compared with graphene.
The single orbital tight-binding model on the kagome lattice with NN hopping has two dispersive bands and a completely dispersionless flat band, which is depicted in Fig. 1(b) . The former bands are the same as those in the honeycomb lattice and are hereafter called "honeycomb bands", which include VHSs resulting from the saddle points. The latter band is called "highest band". The spin systems on the kagome lattice show interesting behavior such as the quantum spin liquid in the ground state [15] [16] [17] due to the characteristic lattice geometry. However, there is also extensive interest in itinerant electron systems on the kagome lattice. In the vicinity of VH fillings on the kagome lattice, short-range repulsive interactions may generate the d + id-wave pairing on 3rd NN bonds obtained by the variational cluster approach [18] and the renormalization group studies [19] [20] [21] .
In addition, the intrinsic SOC generates rich phases. In the Kane-Mele topological insulator on the honeycomb lattice [22, 23] , the SOC connects between NNN sites because the two sides are asymmetric about NNN bonds, and the gradient of electrostatic potential appears. However, in the kagome lattice, there is already such an asymmetry about NN bonds. The singular-mode functional renormalization group study expected that the strong SOC may generate various orders such as magnetism and superconductivity [24] in the honeycomb bands. On the other hand, the dispersionless flat band on the kagome lattice is very sensitive to the presence of the SOC, and generates a large DOS, which may give rise to the superconducting state with a high transition temperature.
On the other hand, thermal Hall conductivity is suitable for investigating the topological property of TRS breaking in superconductors [25] . In the low-temperature limit, thermal Hall conductivity is proportional to temperature and it may also be possible to detect the chiral superconducting state.
In this paper, we focus on the superconducting state in the vicinity of the highest band on the kagome lattice. We calculate thermal Hall conductivity to distinguish the topological aspect of the superconducting state by using the lattice model, and discuss the interplay between the SOC and superconductivity.
The paper is organized as follows. We construct the effective Hamiltonian in Sec. 2. In Sec. 3, we show the normal phase properties induced by the SOC. After that, we show the phase diagram of superconducting states, the temperature dependence of order parameters, and the thermal Hall conductivities in Sec. 4. Conclusions are given in Sec. 5.
MODEL
In this section, we introduce the model Hamiltonian in order to discuss the superconducting state on the kagome lattice. Figure 2 (a) shows the lattice structure, which is composed of A, B, and C sublattices. a 1 , a 2 , and a 3 are the displacement vectors between NN sites. t and λ denote the amplitude of the hopping and the SOC between NN sites respectively.
Since short-range repulsive interactions generate the d + id-wave pairing between the 3rd NN sites near the VHS in the upper honeycomb band [18, 19] , we introduce the attractive interaction between the same sublattices. The schematic picture is drawn in Fig. 2(b) .
The corresponding Hamiltonian is written as with
where i (and j) is the site index including the sublattice index M (= A, B, C). Then c † iσ (c iσ ) denotes the creation (annihilation) operator for the electron on site i with spin σ =↑, ↓. n iσ = c † iσ c iσ is the particle number operator. i, j ({i, j}) stands for the summation for NN (3rd NN) bonds.
H h represents the hopping term between NN sites with the amplitude t and the chemical potential µ. H so represents the intrinsic SOC between NN sites. ν ij is a factor corresponding to the hopping direction, which is −1(+1) for the clockwise (counterclockwise) direction. H a represents the attractive interaction on 3rd NN bonds with the amplitude −U . We introduce the BCS-type meanfield approximation to decouple the attractive interaction term assuming the spin-singlet channel. Then the interaction term H a is rewritten as
where ∆ ij is the spin-singlet superconducting order parameter defined as
where M and l stand for the sublattice and displacement indices, respectively. Then, we obtain the following Bogoliubov-de Gennes (BdG) Hamiltonian in momentum space, yielding the 3rd NN spin-singlet pairing on the kagome lattice,
where the operator Ψ †
T . c k,M,σ denotes the Fourier component of the electron annihilation operator c i,M,σ .
The diagonal block termξ σ (k), which describes the energy dispersion resulting from the kinetic term, is given byξ
with
Moreover, the off-diagonal block term∆ σ (k) in H BdG , which represents the superconducting order parameter, is given bŷ
where the symbols ∆ M,i correspond to the order parameter in Eq. (4). Hereafter, we will define the lattice constants 2 |a i | = a and take the physical constants , e, k B and a as unity.
NORMAL PHASE
First, we discuss physical properties in the normal phase before discussing the superconducting phase. The band structure, Fermi surface, and topological property are investigated for U = 0 in this section. Figure 3 shows the energy dispersion E k for several choices of λ obtained from the diagonalization ofξ σ (k) in Eq. (6) . In the absence of the SOC, there exist three bands, which consist of the dispersive honeycomb bands and the highest dispersionless flat band. The SOC generates the fully opened gap ∆ I (∆ II ), which is defined by the amplitude between the top of the lower honeycomb (upper honeycomb) band and the bottom of the upper honeycomb (highest) band.
Energy dispersion and Fermi surface
The highest band switches from dispersionless to dispersive owing to the introduction of the SOC, whose amplitude at the K point is independent of λ (E k = 2t), and the M point becomes the saddle point for λ = 0. The width of the upper honeycomb band is reduced strongly with increasing λ and becomes completely flat at λ = λ c (≡ t/ √ 3 ≈ 0.577t). The amplitudes of energy gaps are given by ∆ I = ∆ II = 2 √ 3λ for λ ≤ λ c . Although further increase in λ leads to ∆ I = ∆ II = 3t − √ 3λ for λ ≥ λ c , we focus on the case of λ < λ c in this study. Figure 4 shows the DOS for several choices of λ. There are three characteristic peaks resulting from VHSs at E = −2 √ t 2 + λ 2 , 0, and +2 √ t 2 + λ 2 . While peak po- sitions in the lower honeycomb band and highest band shift to lower-and higher-energy sides with increasing λ, that in the upper honeycomb band is independent of the amplitude of λ. Note that µ = µ 1 ≡ −2 √ t 2 + λ 2 and µ 2 ≡ 0 correspond to the particle number n = 1/4 and 5/12, respectively. With increasing λ, the amplitudes of the DOS at VH fillings increase at n = 1/4 and 5/12, as shown in Fig. 4 . The latter case ( n = 5/12) is more remarkable since the SOC reduces strongly the width of the upper honeycomb band.
Moreover, µ = µ 3 ≡ +2 √ t 2 + λ 2 corresponds to n = 3/4 except for λ = 0, because in the absence of λ, the highest band becomes completely flat. The SOC turns the dispersionless flat band into a dispersive one. Therefore, the amplitude of the peak at E = µ 3 is more sensitive to the amplitude of λ than those at E = µ 1 and E = µ 2 . Figure 5 shows Fermi surfaces and energy distributions within the small energy range (|E k − µ| ≤ 0.005t) around the Fermi level at VH fillings n = 1/4, 5/12, and 3/4. The Fermi surfaces at all VH fillings have the hexagonal structure with the perfect nesting in the honeycomb bands even for λ = 0 and in the highest band except for λ = 0. With increasing distance from VH fillings and/or the SOC, Fermi surfaces deviate from the hexagonal structure gradually. In particular, the deviation from the hexagonal structure in the upper honeycomb band is larger than that in the lower honeycomb band. It indicates that the number of states around the VH filling in the upper honeycomb band further increases with increasing SOC.
On the other hand, the introduction of the SOC leads to the hexagonal structure of the Fermi surface with the perfect nesting in the highest band. The distribution of the energy dispersion around the VH filling is enhanced with increasing λ depicted in Fig. 5(c) , which indicates that the amplitude of the DOS decreases. However, compared with the cases at other VH fillings in the honeycomb bands, there exists a larger DOS in the weak SOC region. Therefore, the appearance of the d + id state in the highest band is expected for λ = 0 owing to the hexagonal Fermi surface and the large amplitude of DOS.
Hall conductivity and Chern number
In the honeycomb lattice, the SOC connecting NNN bonds induces the fully opened gap. The topologically nontrivial insulating phase appears when the chemical potential lies in the gap [22, 23] . A similar topologically nontrivial insulating phase on the kagome lattice is also proposed by the introduction of the SOC connecting NNN bonds [26] . Thus, we examine the topological properties of the normal phase by calculating the Hall conductivity obtained from the Kubo formula [27, 28] , which is given by
where E kα is the energy eigenvalue ofξ σ (k) with the band index α, and the factor γ = √ 3/2 denotes the area of the unit cell. f ( ) ≡ 1/(e β + 1) is the Fermi distribution function, and the current operator is defined as , y) . Since the Hamiltonian in the absence of the attractive interaction with H(k) = ξ ↑ (k) ⊕ξ ↓ (k) conserves the z-component of the spin, we calculate the spin-dependent Hall conductivity σ ↑(↓) xy by using the spin-block Hamiltonian H ↑(↓) (k) =ξ ↑(↓) (k). Then, the spin-dependent Chern number is defined as
xy .
(11) Figure 6 shows the spin-dependent Hall conductivity on the kagome lattice as a function of the chemical potential µ for several choices of λ. When µ lies in the energy gap ∆ I or ∆ II , the spin-dependent Chern number has an integer value with N C,σ = sgn(σ). Although the total Chern number N C (= N C,↑ + N C,↓ ) vanishes, the spin Chern number N s C defined as the difference (= N C,↑ − N C,↓ = +2) becomes a nonzero integer. This result indicates that the topologically nontrivial phase appears. In addition to the topological state at µ in the gap ∆ I , which is essentially identical to that from the Kane-Mele model, there exists another topological state at µ/t ∼ 2 in the gap ∆ II , which is proper on the kagome lattice.
SUPERCONDUCTING PHASE

Superconducting phase diagram
Next, let us discuss the property in the superconducting phase at zero temperature in this subsection. Order parameters are obtained by solving the BdG Hamiltonian Eq. (5) self-consistently. The most stable superconducting state is determined from the lowest-energy state in the obtained results by using several initial values of order parameters as follows: where "s state", "d x 2 −y 2 state", and "d xy state" represent the symmetries of the order parameter, which are defined as∆ s ,∆ x 2 −y 2 , and∆ xy , respectively. The gap function is given by ∆ M (k) = 2 Since the upper three sets in Eq. (12) are orthogonal to each other and normalized, the order parameter obtained from solving the BdG equation self-consistently is represented as a linear combination of the sets as,
with complex coefficients (α s , α x 2 −y 2 , α xy ) describing the superconducting state. For example, the pure d x 2 −y 2 + id xy state is represented by (α s , α x 2 −y 2 , α xy ) ∝ (0, 1, i).
The Chern number N C in the superconducting state is defined in a similar manner to the normal phase in Eq. (10) [29] . First, let us discuss the superconducting state without the SOC as shown in Fig. 8(a) . In the honeycomb lattice model, the "pure" d + id states appear around VHSs where the amplitude of α x 2 −y 2 is identical to that of α xy in the weak-coupling region. On the other hand, all components of α have finite values around µ = µ 1 (= −2t) and µ = µ 2 (= 0) on the kagome lattice owing to the lower lattice symmetry in comparison with the honeycomb lattice, where α x 2 −y 2 is not equal to |α xy | and the s state component becomes finite (α s = 0).
This inequivalence between |α x 2 −y 2 | and |α xy | results from the inequivalence among three different 3rd NN pairings on the kagome lattice depicted in Fig. 2(b) . Although the s component appears in addition to the d x 2 −y 2 and d xy components around VHSs in the honeycomb bands, the Chern number still remains finite (N C = ±2), which is defined as the "d 1 +id 2 " state in this study. We now turn on the SOC, shown in Fig. 8(b) . In the case of µ/t 0.8, the amplitudes of α are similar to those without the SOC. Since the SOC generates the energy gap ∆ II (≈ 1.04t for λ = 0.3t) between the upper honeycomb band and the highest band, the top of the upper honeycomb band shifts to the low-energy region. Thus, the s + d 1 state also shifts to the top of the upper honeycomb band (µ/t ∼ 1).
On the other hand, around µ = µ 3 , the amplitude of Re[α s ] is reduced and that of Re[α x 2 −y 2 ] is enhanced, so that the d 1 + id 2 state with the finite Chern number appears. Since the Fermi surface in the highest band has hexagonal symmetry due to the SOC, the strong nesting effect leads to the d 1 +id 2 state. This result indicates that the SOC gives rise to the topological superconducting state in the highest band on the kagome lattice. Figure 9 shows the phase diagram in the most stable superconducting state without/with the SOC where the superconducting states are determined by the amplitude of α and the Chern number in a similar manner shown in Fig. 8 . The d 1 ± id 2 states have the finite Chern number (N C = ±2) around VHSs, and other superconducting states are topologically trivial.
In the absence of the SOC, the component of the d 1 ± id 2 state is dominant around µ = µ 1 and µ = µ 2 in the honeycomb bands. On the other hand, the energy dispersions near the bottom of the lower honeycomb band and the top of the upper honeycomb band are symmetric with respect to ε = 0 for λ = 0, µ/t = −1, and there are circular Fermi surfaces around the Γ point (µ/t −4 and 2). We stress that there exists the topologically trivial s+ id 2 state with the broken time-reversal symmetry around µ = µ 3 mainly in the flat band and may be difficult to appear on the honeycomb lattice.
In the presence of the SOC (λ/t = 0.3), the phase diagram does not change markedly in the honeycomb bands qualitatively. On the other hand, the s+id 2 with N C = 0 state found for λ/t = 0 around µ = µ 3 turns into the d 1 ± id 2 state with N C = ∓2 in the wide range of parameters, which is attributed to the Fermi surface nesting with the hexagonal symmetry induced by the SOC in the highest band.
The SOC leads to the hexagonal Fermi surface with perfect nesting at µ = µ 3 , where the sufficiently small U generates the d 1 + id 2 state and further increase in U generates the s + id 2 state. Since the phase boundary between the d 1 + id 2 and s + id 2 states is determined by the competition between the width of the highest band and the amplitude of U , the parameter region of the appearance of the d 1 + id 2 state is enlarged around µ = µ 3 with increasing amplitude of the SOC.
Note that in the large U region (U/t > 1), although the order parameter changes continuously around µ/t = 2, the Chern number switches at µ/t = 2. It is attributed to the change in the Fermi surface topology where the Fermi surface vanishes for µ/t < 2.
Next, we discuss the temperature dependences of order parameters for U/t = 1 at VHSs, as plotted in Figs.  10(a)-(c) . The superconducting transition temperature T c is also affected by the SOC. With increasing λ, the order parameters increase monotonically at µ = µ 1 and µ = µ 2 in the whole temperature region and the transition temperatures also increase. Note that the sign of Re[α hand, the order parameter decreases generally with increasing λ at µ = µ 3 . The amplitude of the order parameter is larger than those at µ 1 and µ 2 since there exists a large amplitude of the DOS around µ = µ 3 . Thus, T c at µ = µ 3 is higher than those at µ = µ 1 and µ = µ 2 for a small λ, as depicted in Fig. 10(d) . These results indicate that the d 1 +id 2 state in the highest band on the kagome lattice may have a large transition temperature in comparison with that on the honeycomb lattice.
Note that the nonmonotonic behavior appears with increasing temperature at µ = µ 3 for the small-λ region. Around T = T c , while the d 1 + id 2 component is dominant, the amplitude of order parameters changes discontinuously and the s component is enhanced in the low-temperature region for λ/t = 0.1. However, the Chern number still becomes a finite integer in the lowtemperature region, which indicates that the superconducting state still maintains the d 1 + id 2 state.
However, for the rather small λ ( 0.09t) while the s component is further enhanced and the s + id 2 state is realized in the low-temperature region, the 
Thermal Hall conductivity
The measurement of the thermal Hall conductivity gives information on the topological properties in TRS broken superconductors [25] , which may enable us to distinguish superconducting states on the kagome lattice. It can be expressed as
where f (E) is the derivative of the Fermi distribution function. T and N denote the temperature and number of sites, respectively [25] . u kα is the periodic part of the Bloch wave function of the BdG Hamiltonian for the wave vector k and the band index α. Im ∂ kx u kα |∂ ky u kα is proportional to the z component of the Berry curvature Ω(k). Moreover, in the low-temperature limit, the thermal Hall conductivity (Eq. (14)) is proportional to temperature and the Chern number [25] , which is given by
Therefore, in the low-temperature region, κ xy is uniquely determined by the topological properties of the superconducting state. The breaking of the TRS and inversion symmetry in the superconducting state gives rise to the finite thermal Hall conductivity. Therefore, κ xy will vanish in the s + d 1 state with the TRS. Although the s + id 2 state breaks the TRS and inversion symmetry, κ xy also vanishes because the s + id 2 state is the topologically trivial one. On the other hand, the d 1 + id 2 state with the finite Chern number gives a finite κ xy . Figures 11(a) and 11(b) show the temperature dependence of the thermal Hall conductivity for several combinations of (µ, λ) with U/t = 1.0. For µ = µ 1 , µ 2 , and µ 3 with λ/t ≥ 0.3, the d 1 +id 2 states appear and the thermal Hall conductivity has a linear behavior with respect to temperature in the low-temperature region, whose slope corresponds to the Chern number.
We can also confirm the temperature linear behavior even at µ = µ 3 at λ/t = 0.1, but that occurs only in the temperature region lower than that at µ = µ 1 and µ = µ 2 . The deviation from Eq. (15) is well described by the exponential term e −β∆ with the quasiparticle gap ∆ [30] . DOSs in the d 1 + id 2 state at VHSs at absolute zero are shown in the inset in Fig. 11(b) . The amplitude of the quasiparticle gap at µ = µ 3 is smaller than those at µ = µ 1 and µ = µ 2 . It results from the mixing between the s and d 1 components in the d 1 + id 2 state for µ = µ 3 and λ = 0.1t. The s state with the 3rd NN pairing has a circular line node unlike the local pairing. Therefore, when |α s | becomes comparable to α x 2 −y 2 , the s + d 1 state corresponding to the real part of the d 1 + id 2 state can have point nodes at k x = 0 and k y = 0, where the gap function describing the d 2 state corresponding to the imaginary part vanishes. Thus, the superconducting gap is strongly suppressed around µ = µ 3 .
In addition, the thermal Hall conductivity at µ = µ 3 for λ = 0 shows a different temperature dependence from those for other choices of λ in Fig. 11(b) . In the lowtemperature region, since the topologically trivial s + id 2 component with broken TRS is dominant, κ xy vanishes. However, the d 1 component increases with increasing temperature, so that κ xy has a finite amplitude. On the other hand, the d 2 component vanishes at T /t ∼ 0.1 and the s + d 1 component with the TRS becomes dominant at 0.1t < T < T c (∼ 0.13t). Therefore, κ xy vanishes at the temperature lower than T c .
Note that in the large-U region, although the order parameters change continuously around µ/t = 2, the topological property switches, which is discussed in the previous subsection. The thermal Hall conductivity is strongly sensitive to the amplitude of the chemical potential, depicted in Fig. 12 . κ xy has the temperature linear behavior and vanishes in the low temperature limit for µ/t > 2 and µ/t < 2, respectively, owing to the switch of the topological property.
While the low-temperature behavior is strongly affected by the amplitude of µ, the high-temperature one has a similar form with respect to the temperature around µ/t = 2. Since the order parameters for µ/t = 1.95 and 2.05 are almost the same, it is difficult to distinguish the superconducting states for µ/t 2 and µ/t 2 in the high-temperature region.
Here we demonstrate the large-U and λ case. However, since the switch of the temperature dependence of κ xy around µ/t = 2 is associated with the ratio U/λ, a similar behavior can occur even in the low-U and λ region.
CONCLUSIONS
We have investigated the spin-singlet superconducting state and the temperature dependence of the thermal Hall conductivity on the kagome lattice by the selfconsistent BdG approach. In particular, we focus on the highest band and discuss the interplay between the amplitude of the attractive interaction and the SOC effect.
In the normal phase, there exist perfectly hexagonal Fermi surfaces at all VH fillings in the honeycomb bands. The presence of the SOC leads to the dispersive highest band with the hexagonal symmetry, and also generates band gaps, where topological nontrivial states appear where that around µ/t = 2 is proper on the kagome lattice.
In the superconducting phase, order parameters and the phase diagram are obtained. In the honeycomb bands, the d 1 + id 2 states appear in the vicinity of VHSs. Since the amplitude of the DOS at VH fillings is enhanced by the SOC, T c increases with increasing λ. In the highest band around µ = µ 3 , the s + id 2 state appears for λ = 0. Since the Fermi surface in the highest band has the perfect nesting property induced by the SOC at µ = µ 3 , the d 1 + id 2 state appears for λ > 0. When the width of the highest band depending on the amplitude of the SOC is comparable to the amplitude of the attractive interaction and/or temperature, the s + id 2 (d 1 + id 2 ) character is dominant in the low-temperature region (around T c ).
Moreover, the thermal Hall conductivity is proportional to the temperature with a prefactor that is uniquely related to the Chern number. While the d 1 +id 2 state has the temperature linear behavior, the thermal Hall conductivity in the s + id 2 state increases slightly with temperature owing to the increase in the d 1 component. In particular, the character of pairing symmetries changes in the highest band owing to the competition between the attractive interaction and the bandwidth, which may be detectable in the thermal Hall conductivity. Therefore, the measurement of the thermal Hall conductivity may enable us to distinguish the supercon-ducting states on the kagome lattice.
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